We introduce the q-analogue of the meromorphic Weyl algebra and studied the normalization problem and the symmetric powers for such algebra from a combinatorial perspective.
a sequence (x 0 , ω 0 ), (x 1 , ω 1 ), (x 2 , ω 2 ), ... provides a combinatorial interpretation for a sequence p 1 , p 2 , p 3 , ... in N[q] if |x k , ω k | = p k for k ∈ N. One of the most prominent examples is the combinatorial interpretation for the q-analogue [n] q ! ∈ N[q] of the factorial which is given by
[n] q where [n] q = 1 + ... + q n−1 .
Consider the pair (S n , inv) where S n is the set of permutations of [ [1, n] ] = {1, 2, ..., n} and inv : S n −→ N[q] is the map given by inv(σ) = q |Inv(σ)| where
Clearly |S n , inv| = [n] q ! and thus (S n , inv) provides a combinatorial interpretation for [n] q ! .
The rest of this work is organized as follows. In Section 2 we summarize some facts on the meromorphic Weyl algebra, we do not include proofs since all the stated results are consequence, setting q = 1, of the corresponding q-analogue results proved in the subsequent sections. The main results of this work are given in Sections 3 and 4 where we introduce M W q the q-analogue of the meromorphic Weyl algebra, discuss its basic properties, provide a couple of representations for it, study the normal polynomials that arise in the process of writing monomials in normal form, and begin the study of the symmetric powers of the q-meromorphic Weyl algebra M W q .
Meromorphic Weyl algebra
Recall that the Weyl algebra W may be identified with the algebra generated by x and ∂. Formally, the Weyl algebra is given by
where C x, y is the free algebra generated by variables x and y, and yx − xy − 1 is the ideal generated by yx−xy −1. The meromorphic Weyl algebra M W , see [14] , is the algebra generated by x −1 and ∂. Formally we have that
The meromorphic Weyl algebra comes with a natural representations ρ which justifies our choice of name for M W . Let C ∞ o (R) be the space of smooth functions on the punctured real line.
An integral analogue of the Weyl algebra is naturally obtained if one consider the operators l(x) and l(y) acting on f ∈ C ∞ (R) as follows:
It is not hard to see that l extends naturally to yield a representation l : C x, y / yx − xy + y 2 −→ End(C ∞ (R)).
The algebra C x, y / yx − xy + y 2 is isomorphic to M W via the isomorphism
given on generators by t(x) = y and t(y) = x. Thus the map ι : M W −→ End(C ∞ (R)) given on generators by
defines a second representation of the meromorphic Weyl algebra.
Let us introduce some needed notation.
x a i y b i and |A| = (|a|, |b|) = (a 1 + ... + a n , b 1 + ... + b n ). The normal coordinates N (A, k) of the monomial X A ∈ M W are given by
where min = min(|a|, |b|). For k > min we set N (A, k) = 0. Given vector a = (a 1 , ..., a n ) we let a >i be the vector (a i+1 , ..., a n ) for 1 ≤ i ≤ n − 1. The increasing factorial [26] is given by n (k) = n(n + 1)(n + 2)...(n + k − 1) for n ∈ N and k ≥ 1 an integer. Below the notation p ⊢ k means that p is a vector (p 1 , ..., p n−1 ) such that
Theorem 1. For (A, k) ∈ (N 2 ) n × N the following identity holds
The numbers N (A, k) have a nice combinatorial meaning. Let E 1 , . . . , E n , F 1 , . . . , F n be disjoint sets such that
, and set E = ⊔E i , F = ⊔F i . Consider the set M k whose elements are maps f : F −→ { subsets of E } such that:
The sets M k provide a combinatorial interpretation for the numbers N (A, k), that is Applying Definition 13 and Theorem 1 specialized in the representation ρ to x −t we obtain for (a, b, t) ∈ N n × N n × N the following identity:
The identity above is obtain as an easy corollary of Theorem 1, however guessing it or even just proving it directly could be a bit of a pain. Applying Definition 13 and Theorem 1 specialized in the representation ι to x t we get another quite intriguing identity:
Let C-alg be the category of associative complex algebras. For n ≥ 1 consider the functor Sym n : C-alg −→ C-alg sending an algebra A into its n-th symmetric power whose underlying vector space is given by
The rule, see [14] , for the product of m elements in Sym n (A) is given as follows: let a ij ∈ A for
Let Sym n (M W ) be the n-symmetric power of the meromorphic Weyl algebra. Explicit formula for the product of m elements in Sym n (M W ) is provided next.
Next couple of examples show the high computational power required to compute even the simplest products in the symmetric powers of the meromorphic Weyl algebra.
Example 3. For n = 2, m = 2 we have
Example 4. For n = 3, m = 2 we have 
q-meromorphic Weyl algebra
In this section we define the q-meromorphic Weyl algebra and discuss some of its basic properties. Let us first review a few basic notions of q-calculus, the interested reader may consult [9, 10, 19] for further information. Let M o (R) be the space of complex value functions on punctured the real line and fix a positive real number 0 < q < 1. The q-derivative
Definition 5. The q-meromorphic Weyl algebra is given by
Next result explains how the algebra M W q arises in q-calculus; we make use of the q-Leibnitz rule ∂ q (f g) = f ∂ q g + I q (g)∂ q f . Theorem 6. The map ρ : M W q −→ End(M o (R)) given on generators by
Proof. We must prove that ρ(y)ρ(
Recall, see [9] , that the Jackson integral of a map f : R −→ R is given by
A non-fully exploited feature of the Jackson integral is that it satisfies a twisted form of the Rota-Baxter identity [8, 11, 26] ; indeed one can show that The Jackson integral is a right inverse operator for the q-derivative, i.e.
From the q-Leibnitz rule and the fundamental theorem of q-calculus one obtains the q-integration by parts formula
In particular setting f = x and g = f d q x we obtain the relation
thus we have shown the following result. We order the generators of M W q as q < x < y. A monomial in M W q of the form q a x b y c is said to be in normal form.
Lemma 8. For n ≥ 1 the identity yx n = q n x n y + [n]x n+1 holds in M W q .
Proof. For n = 1 we get yx = qxy + x 2 . By induction we have that For k > a we set c(a, b, k) = 0.
Notice that by definition c(0, b, k) = δ 0,k where δ is Kronecker's delta function.
Proposition 10. The following identities hold in M W q :
Proof. By Proposition 8 and Definition 9 we have By definition we have that
Therefore we have shown that
Next result shows that the number c(a, b, a) is the q-analogue of the increasing factorial.
. By Proposition 10 we have
We are ready to discuss the combinatorial interpretation of the normal polynomials c(a, b, k). Let P k (a) be the subsets of [[1, a]] with k elements. We define a weight ω b : P k (a) −→ N[q] by
Theorem 12. For (a, b) ∈ N × N + and 0 ≤ k ≤ a, we have that c(a, b, k) = |P k (a), ω b |.
Proof. We have to show that
Let c(a, b, k) be given by the right hand side of formula above for a ≥ 1 and c(0, b, k) = δ 0,k . We must show that c(a, b, k) = c(a, b, k). Since c(0, b, k) = c(0, b, k), it is enough to show that c(a, b, k) satisfies, for 1 ≤ k ≤ a, the recursion
Sets A ∈ P k [[1, a + 1]] are classified in two blocks according to whether a + 1 / ∈ A or a + 1 ∈ A. Thus we obtain that
Thus the numbers c(a, b, k) satisfy the required recursion.
and setting t k+1 = a + 1 we obtain:
Normal polynomials and symmetric powers of MW q
In this section we find explicit formulae for the normal polynomials of the algebra M W q . We also begin the study of the symmetric power of that algebra. 
where min = min(|a|, |b|). For k > min we set N (A, k, q) = 0.
Using recursively Theorem 12 the following result is obtained.
It is not hard to show that the normal polynomial may also be computed via the identity N (A, k, q) = n−1 i=1 c(|b ≤i | − |k <i |, a i+1 , k i ), where 0 ≤ k i ≤ |b ≤i | − |k <i | for i = 1, . . . , n − 1. Applying Theorem 1 and Definition 13, specialized in the representation ρ to x −t we obtain that if (a, b, t) ∈ N n × N n × N then
where 0 ≤ k i ≤ b i for i = 1, . . . , n − 1. Using the alternative expression for N (A, k, q) given above we get:
where 0 ≤ k i ≤ |b ≤i | − |k <i | for i = 1, . . . , n − 1.
If instead of ρ we use the representation ι and specialized in the representation ι to x t we get the identity:
where 0 ≤ k i ≤ b i for i = 1, . . . , n − 1. Also with the alternative expression for N (A, k, q) we get:
Next we provide explicit formulae for the products of several elements in the n-th symmetric power Sym n (M W q ) of the q-meromorphic Weyl algebra M W q . The explicit computation of products in Sym n (M W q ) is rather difficult the following example shows:
Example 16. For n = 2, m = 2 we have 2(x 1 y 1 x 2 2 y 2 )(x 2 1 y 2 1 x 2 y 2 ) = x 1 y 1 x 2 2 y 2 x 2 1 y 2 1 x 2 y 2 + x 1 y 1 x 2 2 y 2 x 1 y 1 x 2 2 y 2 2 = q 3 x 3 1 y 3 1 x 3 2 y 2 2 + q 2 x 3 1 y 3 1 x 4 2 y 2 + (q 2 + q)x 4 1 y 2 1 x 3 2 y 2 2 + (q + 1)x 4 1 y 2 1 x 4 2 y 2 + q 3 x 2 1 y 2 1 x 4 2 y 3 2 + (q 2 + q)x 2 1 y 2 1 x 5 2 y 2 2 + q 2 x 3 1 y 1 x 4 2 y 3 2 + (q + 1)x 3 1 y 1 x 5 2 y 2 2 . We close mentioning a couple of research problems related to this work. First, it would be interesting to study the Hocschild homology of the meromorphic and q-meromorphic Weyl algebras and their corresponding symmetric powers along the lines developed in [1, 2] . Second, using techniques introduced in [17] and further developed in [5, 6, 7, 8] we have constructed a categorification of the Weyl algebra and more generally of the Kontsevich star product [24] for Poisson structures on R n . It would be interesting to study the categorification of the meromorphic and q-meromorphic Weyl algebras.
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